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We propose to implement a quantized ther-
mal machine based on a mixture of two atomic
species. One atomic species implements the
working medium and the other implements two
(cold and hot) baths. We show that such a
setup can be employed for the refrigeration of
a large bosonic cloud starting above and end-
ing below the condensation threshold. We ana-
lyze its operation in a regime conforming to the
quantized Otto cycle and discuss the prospects
for continuous-cycle operation, addressing the
experimental as well as theoretical limitations.
Beyond its applicative significance, this setup
has a potential for the study of fundamental
questions of quantum thermodynamics.

1 Introduction
Over the past two decades, extensive studies of ther-
mal machines in the quantum domain [1–7] have
sought to reveal either fundamentally new aspects of
thermodynamics or unique quantum advantages com-
pared to their classical counterparts. Yet, despite the
great progress achieved, both theoretically [8–15] and
experimentally [16–22], the potential of quantum ther-
mal machines for useful quantum technology applica-
tions only begins to unfold. In particular, new in-
sights into thermodynamics in the quantum domain
may be obtained by extension of these studies to hith-
erto unexplored quantum phenomena. In this spirit,
we suggest to realise thermal machines in cold atomic
gases, aiming at their improved refrigeration.

Specifically, we propose to implement a quantized
thermal machine, which is based on a mixture of two
cold atomic gases, and employ it as a refrigerator
for one of these species. The goal would be to cool
the atomic gas starting from the thermal regime and
ending well within the quantum-degenerate regime.
The proposed cycle will be a fundamentally new av-
enue for cooling, only limited by thermalization and
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Figure 1: Quantized Otto cycle for refrigeration of the
cold bath: a) Schematic representation of the Otto cooling cy-
cle. The working medium (green) is located in a strongly con-
fining harmonic potential. During the heat-exchange strokes
1 and 3 it is coupled, sequentially to the cold bath (left, blue)
and the hot bath (right, red). The energy level spacing of the
working medium is adiabatically changed during the strokes
2 and 4. b) The quantized Otto cycle in the energy–entropy
plane of the working medium. The cycle is transversed in
the clockwise direction (refrigeration mode) between the end
points A → B → C → D → A.

not by coolant recoil or by atom loss, as do exist-
ing schemes, such as laser cooling or evaporative cool-
ing [23]. In a simple implementation of the Otto cy-
cle [6, 24–27] (see Fig. 1) the working medium (WM)
is realised by one species that is alternately coupled
to spatially separated, hot and cold baths of another
species. This allows for progressive cooling of the
cold bath at the expense of heat dumping into the
hot bath. Traversing the quantized Otto cycle sev-
eral hundred times should then allow us to reduce
the temperature of the cold bath by an order of mag-
nitude and even cross the phase-transition threshold
towards Bose–Einstein condensation. The proposed
cooling technique should also be applicable to other
types of baths, including strongly correlated Mott in-
sulators or anti-ferromagnetic phases, where cooling
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by existing techniques remains an experimental chal-
lenge [28]. We note that in our refrigeration setup
there is a clear physical distinction between the WM
and the two thermal baths (cf. Fig. 1), contrary to
the engine proposed in Ref. [29].

A multitude of diverse cooling techniques have rev-
olutionized atomic physics over the last thirty years.
Conventional laser cooling that has founded the field
of ultracold atomic gases employs photon recoil for
heat extraction from the atomic cloud. However, the
phase-space-density is fundamentally limited by the
recoil energy of the photon [23]. Degenerate quan-
tum gases have been realized by evaporative cooling,
whereby the highest-energy atoms are selectively re-
moved from the cloud [30, 31]. These evaporative
techniques are fundamentally limited by the required
spatial separation of regions possessing high or low
entropy. Such separation typically breaks down in
the quantum degenerate regime. None of these limi-
tations should apply to the Otto cycle, which we will
study now.

2 Otto cycle for cold quantum gases
The four strokes of the quantized Otto cycle can be im-
plemented as follows in cold-atom setups. The work-
ing medium (WM) is formed by a tightly trapped
atomic gas, such that only two quantum states of the
confined system are accessible. Such a configuration
arises naturally in highly focused optical traps [32].
It can be modelled by the Hamiltonian H = Eσ+σ−,
where σ− (σ+) are the Pauli lowering (raising) op-
erators in the effective two-level trap. The spacing
between the energy levels is varied by an external op-
tical laser which provides the work input required for
refrigeration, analogous to a piston in common ther-
modynamic machine cycles [1, 2, 24, 33, 34].

In the first stroke, the WM has energy-level spac-
ing Ec and thermalizes through its interaction with a
thermal bath at temperature Tc. Thermalization is
ensured through contact collisions between the atoms
of the bath and the WM. Such thermalization does
not involve any radiative processes, which limit the
maximal rate of laser cooling. The proposed thermal-
ization represents the isochoric interaction with the
cold bath of the Otto cycle (stroke 1 in Fig. 1). The
cold bath is realized by an atomic species that differs
from the WM (Fig. 1a), modelled here as an ideal,
uncondensed Bose gas. However, the same cycle re-
mains valid for more intricate baths, such as Mott
insulators, superfluids or fermionic (spin) baths. Dur-
ing this first stroke the WM receives from the cold
bath the heat Qc = Ec(n̄c − n̄h), where n̄i (i ∈ {c, h})
are the thermal excitations of the two-level WM (see
Appendix A).

In the second stroke, the WM is adiabatically de-
coupled from the cold bath and its energy-level spac-
ing is adiabatically raised to Eh > Ec. This realizes

the isentropic compression stroke of the Otto cycle
(stroke 2 in Fig. 1). The work Win = (Eh − Ec)n̄h
which is needed for the WM compression is extracted
from the classical optical field which confines the WM.
We here neglect the work necessary for the compres-
sion of the atoms that remain in the ground state as
it cancels with the decompression in the last stroke of
the cycle.

In the third stroke, the WM is coupled to the hot
thermal bath at temperature Th > Tc, with which
the WM thermalizes (Stroke 3 in Fig. 1). This stroke
realizes the second isochore in the Otto cycle in which
the WM deposits the heat Qh = Eh(n̄h − n̄c) into the
hot bath.

The fourth stroke that closes the cycle consists in
adiabatic decoupling of the WM from the hot bath
and adiabatic decrease of the energy-level spacing
back to Ec (stroke 4 in Fig. 1). This decompression of
the WM produces the work Wout = (Ec−Eh)n̄c which
is transferred to the optical field.

The Otto cycle acts as a refrigerator for the cold
bath as long as Qc > 0 (Qh < 0), which yields the
cooling condition

n̄c > n̄h ⇒ Eh

Th
>
Ec

Tc
. (1)

The theoretically-achievable minimal temperature of
the cold bath is then limited by condition (1), yielding

Tmin
c = Ec

Eh
Th. (2)

The ratio of the two baths temperature is hence only
limited by the tunability of the energy-level spacing
of the quantized WM. For an optically confined WM,
the energy-level spacing E is controlled by the square
root of the confining laser intensity I, E ∝

√
I [32].

Since intensity ratios of Ih/Ic & 100 are experimen-
tally controllable, it should be feasible to refrigerate
the cold-bath temperature by an order of magnitude.

3 Proposed experimental implementa-
tion
The quantized Otto refrigerator can be implemented
by employing the following state-of-the-art techniques:
(i) The spatially separated hot and cold baths can be
created within two separate harmonic traps, as origi-
nally employed in atomic tunneling junctions [35] or
more recently in atomic circuits with fermionic and
bosonic baths [16, 36]. In the proposed setup (see
Fig. 2) the two baths must be completely separated
such that no particle exchange or heat flow can hap-
pen between them, except via the WM.

(ii) The WM is formed by an atomic species, by
means of a species-selective optical lattice or tweezer.
Such schemes have been employed for single bosonic
atoms immersed in a cold gas [37, 38] or for larger
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Figure 2: Envisaged implementation of the Otto cycle:
The two baths are formed by large clouds of an atomic species.
The working medium is implemented by another strongly
confined atomic species. Alternate coupling of the working
medium to each bath (consecutively) is achieved by spatially
moving the working medium into the bath region.

numbers of fermionic and bosonic atoms immersed in
a Bose–Einstein condensate (BEC) [39, 40].

(iii) Control of energy-level spacing and position of
the WM can be implemented by standard optical tech-
niques [41, 42].

(iv) The temperature of each bath has to be mea-
sured independently through in-situ measurements of
the bath profile and density correlations [43–45]. An-
other intriguing approach would be to employ an im-
purity as a local thermometer [38, 46–48], provided
the thermalization between the bath and the WM is
well at hand [49].

4 Modeling the performance
In order to quantitatively evaluate the performance
of the described cooling technique, we have simu-
lated the Otto cycle for realistic experimental param-
eters [38, 39]. The simulation considers here bosonic
baths formed by Cs atoms and a WM formed by Rb
atoms. Initially, both baths are thermal clouds at
temperature Tc = Th = 1 µK. Both Cs clouds are con-
fined in a weak trap of frequency ωT = 2π× 80 Hz for
the cold bath and ωT = 2π × 150 Hz for the hot bath.
The baths consist of N c

at = 2×105 and Nh
at = 50×105

atoms, respectively, and these numbers are conserved
throughout refrigeration. The initial temperatures of
both baths are well above the BEC critical temper-
ature, namely, the bath are initially thermal clouds.
The critical temperatures for condensation of the two
baths are T c

crit ≈ 395 nK and T h
crit ≈ 617 nK, respec-

tively, well within the feasible refrigeration range.
After each cycle, the two bath temperatures are

adapted as follows (i ∈ {c,h}),

Ti(n+ 1) = Ti(n)− NwmQi(n)
CV(Ti(n), N i

at)
, (3)

where Nwm is the number of atoms in the WM. The
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Figure 3: Temperatures of the two atomic clouds: Otto
cooling of an initially thermal atomic cloud that serves as
a cold bath at temperature Tc in the proposed refrigerator.
The up- and down-ramps on the energy-level spacing have
here been terminated after 1000 cycles, consistently with
limitations on the total cooling time and tunability of the
energy-level spacing. See text for parameters and details.

explicit form of the heat capacity CV is given in Ap-
pendix B. The heat removed from the cold bath in
the nth cycle is −NwmQc(n), where the negative sign
indicates the direction of the heat flow from the cold
bath to the WM.

The energy-level spacing of the WM, taken to con-
sist of Nwm = 104 particles, is initially set during
the cold and hot isochores to Ec/kB = 2 µK and
Eh/kB = 4 µK, respectively. This choice ensures that
only the first excited level of the WM has a non-
negligible occupancy, so that heat transport between
the two baths can occur according to Eqs. (1) and (2).
During the Otto cycle we have ramped the energy-
level spacings up and down in a linear fashion (see
Fig. 3b) such that the occupancy of the upper WM
level is always a few percent. The up- and down-
ramps have been terminated after 1000 cycles, when
the temperature of the cold bath becomes comparable
to the mode spacing in the cold bath, kBT

min
c ≈ 7~ωT.

The reason for this choice is our wish to avoid non-
Markovian effects, which may become prominent as
the number of occupied bath modes becomes small
(see below). We note that the minimal temperature is
calculated according to Eq. (2) from the final energy-
level spacings and the final temperature of the hot
bath.

It can be seen in Fig. 3 that efficient cooling takes
place for as many cycles as needed to achieve the min-
imal allowed temperature. After approximately 500
cycles, the condensation threshold of the cold bath is
crossed and efficient cooling continues well into the
deeply degenerate regime, down to T ≈ 0.1T c

crit, a
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regime that is hard to reach by other methods [50].
Assuming a cycle time of roughly 10 ms we estimate
the cooling rate to be of the order of 0.1 nK/ms.

5 Model limitations
To reach our quantitative predictions we have made
the following, assumptions:

(i) The WM interactions with the baths are as-
sumed to be Markovian, i.e., devoid of memory ef-
fects such as back-propagation of excitations to their
origin. The Markovian assumption is unquestionable
in the non-degenerate regime. In the deeply degener-
ate regime, where only a few modes may be excited,
non-Markovian recurrences may be encountered [51].
Such non-Markovianity is beyond the scope of the pa-
per, but its effects may give rise to a most fascinating
experimental regime. It must, however, be noted that
the energy changes in the Otto cycle only depend on
the four end points in Fig. 1b and are thus indepen-
dent of the dynamics that connects these points. We
note that this dependence of energy changes only on
the end points holds since energy is a system variable.
Importantly, in this cycle the heat transfer equals the
energy change in the respective paths (since they are
isochoric) and hence is path-independent. Generally,
this is not the case, e.g., in the Diesel and Carnot
cycles.

(ii) The discrete excitation spectrum of the bath
has been neglected here, i.e., the local density ap-
proximation has been adopted. This is an excellent
approximation for weak traps and high enough tem-
peratures [52, 53] but it may break down at extremely
low temperatures, which is the range of possible non-
Markovian dynamics.

(iii) We have neglected interactions between the
bath modes, which is an excellent approximation
even in the condensed regime, where the excita-
tions are well-described by non-interacting Bogoli-
ubov modes [51, 54]. We note, however, that these
interactions must be included in a fully quantitative
study of the thermalization dynamics, which is be-
yond the scope of this paper.

(iv) The temperature of each bath has been as-
sumed to be constant during each stroke [cf. Eq. (3)]
as we have a temperature change that is less than 1%
of the temperature of the bath itself. We can verify
in Fig. 3 that this approximation is well justified.

(v) For a simplified treatment of the WM, we have
assumed that only two energy levels are accessible.
Such a situation can be naturally realized in an optical
trap, which is anisotropic and singles out the direction
of propagation of the laser [32].

(vi) Our treatment has assumed that thermal occu-
pancy of higher modes can be neglected, which means
that the energy-level spacing is always larger than the
bath temperature. This assumption is valid for the
chosen parameters in our numerical treatment. Al-

though optimization of heat extraction from the cold
bath may call for a WM which occupies a large num-
ber of modes, the entire setup would then be well
described by a classical (rather than quantized) Otto
cycle, similar to the description of Ref. [18].

(vii) The Otto cycle presumes an adiabatic change
of the energy-level spacing in the WM so as to avoid
quantum friction [6]. For strokes that are longer than
1 ms this is indeed the case. Strokes involving a faster
change of the trap frequency may be exploited in the
future by employing shortcuts to adiabaticity [55].

(viii) We have assumed weak coupling between the
WM and the bath, consistently with the Markovian
approximation. This assumption is well established
within the context of the Fröhlich polaron, which has
been extensively investigated [40, 56–58]. Notably,
we have verified that the dimensionless coupling pa-
rameter, which describes the deformation of the bath
density due to the coupling with the WM, is always
much smaller than unity. The weak-coupling regime
has also allowed us to neglect the energy cost of decou-
pling the WM from the bath and the corresponding
entropy changes.

(ix) Finally, thermalization between the baths and
the WM during the isochores has been ensured by con-
sidering time scales exceeding the relaxation time [59],
as discussed in more detail below. In the future we
may explore how such a thermal machine functions
if thermalization is hampered (due to the occurrence
of non-thermal fixed points [60–62], the existence of
dark states [63], invariant subspaces [64] or many-
body-localization [65]).

6 Experimental challenges
Having established the feasibility of the quantum gas
refrigerator and its conceivable limitations we now
turn our attention to possible experimental challenges.
One challenge is the attainment of sufficiently fast
thermalization of the WM with the baths, relying on
strong interspecies interactions in Rb-Cs [37] or Na-
K [66] mixtures. We can then estimate thermalization
rates based on the results of Ref. [39] that apply to
the proposed setup. With the assumed parameters,
we obtain typical relaxation times on the order of a
1 ms, which are similar to the WM adiabaticity time
scale.

A fast enough relaxation is crucial in view of the fi-
nite lifetime of the atomic clouds, which is typically of
a few seconds, and residual heat effects. The species-
selective optical control of the WM has to be designed
carefully; such that it provides a strong confinement
of the WM but does not perturb the heat baths. For
the proposed mixture of Rb-Cs the optical potential
might be tuned to 880 nm, which is the tune-out wave-
length of Cs [67], such that it does not create a dipole
potential for the baths. Still, a confining potential
with a waist of a few microns will cause an absorption
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rate of a few Hz within the WM. The produced heat
per particle and per stroke is much smaller than the
heat exchanged between the baths (Appendix C) and
therefore negligible.

The high density of atoms within the WM is unreal-
istic because of inelastic processes that would degrade
the WM. Hence, it would be important to decom-
pose the WM into a number of small and dilute WMs
trapped in an optical lattice potential as sketched in
Fig. 2. Cooperative effects may play a major role in
this regime [68–70], a problem which has to be studied
experimentally.

The physical decoupling of the WM from the bath is
implicitly assumed to be adiabatic. In the condensed
regime the Bose-Einstein condensate is a superfluid
and motion below the critical velocity does not create
any excitations within the bath [71].

For the non-degenerate bath, on the other hand, we
derive in Appendix D the adiabatic decoupling condi-
tion according to which the WM has to move well
below the velocity ua = ωTλdB. For our assumed pa-
rameters, this would imply typical cycles times in the
order of few tens ms, such that only few strokes would
be possible. If the adiabatic decoupling condition is
violated, the interaction between the WM and bath is
quenched in each cycle. The deposited energy is then
estimated to be ∆E = gNWMnbath, which is typically
larger than the extracted heat. Thus the adiabatic
decoupling condition imposes severe restrictions on
the Otto cycle operation in the non-degenerate bath
regime. These restrictions may however be overcome
through shortcuts to adiabaticity [55, 72, 73]. A fun-
damental solution to this problem is a continuous cy-
cle scheme, wherein coupling and decoupling are to-
tally absent, as we discuss in the next section.

7 Continuous cycles schemes
As an alternative to the Otto cycle, one may consider
a different class of thermodynamic cycles, namely, con-
tinuous cycles wherein both the heat baths as well as
the driving laser (the work reservoir) are simultane-
ously coupled to the WM [3, 33, 34, 74–77]. A possible
setup is visualized in Fig. 4.

Instead of coupling the WM to the respective
baths in two different (temporarily-separated) iso-
choric strokes at respective WM energy-level spacings
Ec and Eh, a spectral separation of the two baths
has been proposed, such that blue (red) sidebands
of the mean trap frequency ωT mainly couple to the
hot (cold) bath [34, 75], similarly to the Stokes and
anti-Stokes sidebands in laser cooling [78].

The salient advantage of such a continuous cycle
is that neither (de)coupling of the WM to or from
the baths nor its translation between the baths are
necessary. Such a cycle is not restricted by the bottle-
neck of adiabatic strokes and thus may be much faster
than the Otto cycle and thereby potentially increase

Figure 4: Continuous cycle schemes: The working medium
is positioned in between the two baths. The periodic modula-
tion of the energy spacing E0(t) induces energy sidebands Eh
and Ec. The spectra of the two baths have to be engineered
such that the working medium is stronger coupled at Eh (Ec)
to the hot (cold) bath.

the cooling power. On the other hand, the required
spectral separation of the two baths is non-trivial, yet
it may be achieved through internal-state manipula-
tions of the baths confined in optical lattices.

The theoretical description of continuous cycles,
promising as they may be, requires a more detailed
knowledge of the concrete setup than the Otto cycle.
In particular, the Floquet analysis [79] of the Marko-
vian master equation governing the evolution of the
WM in a thermal gas (derived in Ref. [80] for a con-
stant trap frequency) for a periodically-driven trap
frequency may require fine-tuning of the frequencies
involved. Further, modulating the laser intensity only
varies the “spring constant” of the WM trap but not its
mass, which results in a non-diagonal modulation [6]
with non-trivial time-dependencies of the excitation
and de-excitation operators, which are not present in
the previously-studied two-level atom case [34]. Fi-
nally, the validity of the Markovian description (which
is at the heart of Refs. [3, 34, 74–76, 81]) must be
carefully re-analysed for such a cycle1. Concrete pre-
dictions require a detailed knowledge of the bath spec-
tra at the respective sideband frequencies. An experi-
mental implementation of the continuous cycle would
hence provide crucial inputs to its theoretical descrip-
tions.

8 Summary
We have adopted the harmonic Otto cycle of Ref. [6]
to propose a novel quantized refrigeration scheme for
a cold bosonic-atom species, considered as a trapped
cold bath. The scheme is based on the coupling of
this cold bath to another trapped atomic species that
acts as a working medium (WM), which transfers
heat from the cold bath to a hotter bath. The pro-
cess is enabled by the work invested in changing the

1First results on a Markovian master equation below thresh-
old for a constant trap frequency can be found in the PhD thesis
of Raphael Scelle [82].
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energy-level spacing of the trapped WM by modulat-
ing the intensity of the trapping field. Our analysis
has shown the feasibility of Otto-cycle refrigeration
(especially when assisted by shortcuts to adiabatic-
ity) of a typical bosonic-atom (e.g., Cs) cloud from a
thermal regime to a deeply degenerate Bose–Einstein
condensate while conserving the number of atoms in
the cloud. This task, shown here to be at hand, is
unfeasible by other means.

The proposed scheme promises to be a fundamen-
tally new avenue for cooling as it does not rely on ra-
diative thermalization and is not recoil-limited. Con-
tinuous versions of the proposed cycles are potentially
even more promising, because they are expected to be
free of adverse non-adiabatic effects [3, 33, 34, 74]. On
the other hand, the continuous version requires pa-
rameter choice and optimization that may be easier
to achieve experimentally than theoretically.

The minimal temperature achievable by the pro-
posed refrigeration is an open issue. The present
minimum, Eq. (2), is only restricted by our techni-
cal ability to ramp the confining laser intensity up
and down, so that further progress is expected in this
respect. The more fundamental issue is the ability to
cool down to such low temperatures that the Markov
and possibly the Born approximations break down.
The cooling speed may be affected at such tempera-
tures in ways still unknown. Related studies [83–86]
indicate a plethora of fascinating effects in this non-
Markovian domain.

The open fundamental issues outlined above sug-
gest that the proposed refrigerator may be a platform
for studying principal aspects of quantum thermody-
namics in hitherto inaccessible regimes.
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A Heat and work in the quantized
Otto cycle

The respective changes in the energy of the WM dur-
ing the four strokes of the Otto cycle from Fig. 1

are [26]

∆E1 = 〈Hc〉B − 〈Hc〉A =: Qc (4a)
∆E2 = 〈Hh〉C − 〈Hc〉B =: Win (4b)
∆E3 = 〈Hh〉D − 〈Hh〉C =: Qh (4c)
∆E4 = 〈Hc〉A − 〈Hh〉D =: Wout. (4d)

Here Hc,h = Ec,hσ+σ− are the respective Hamiltoni-
ans of the WM during the cold and hot strokes with
Ec ≤ Eh. The state of the WM does not change during
the adiabatic strokes (B → C and D → A), i.e., the
ratio E/T remains constant. Therefore, the thermal
states at the four end points of the cycle are

ρA ≡ ρD = exp[−Hh/(kBTh)]/Zh =: ρh (5a)
ρB ≡ ρC = exp[−Hc/(kBTc)]/Zc =: ρc. (5b)

The work (W ) and heat (Q) contributions (4) then
evaluate to

Qc = Ec(n̄c − n̄h) (6a)
Win = (Eh − Ec)n̄c (6b)
Qh = Eh(n̄h − n̄c) (6c)

Wout = (Ec − Eh)n̄h, (6d)

where (i ∈ {c,h})

n̄i := 〈σ+σ−〉ρi
= [exp [Ei/(kBTi)] + 1]−1 (7)

is the thermal occupation of the excited level of the
two-level WM.

B Heat capacity of a Bose gas above
and below threshold
The heat capacity of a BEC at constant volume in a
three-dimensional harmonic trap reads [23]

CV =

3NatkB

[
1 + ζ(3)

8
(
Tcrit
T

)3]
T > Tcrit

12 ζ(4)
ζ(3)NatkB

(
T
Tcrit

)3
T < Tcrit

, (8)

where the critical temperature for condensation is [23]

Tcrit = ~ωTN
1/3
at

kB[ζ(3)]1/3 . (9)

Here Nat denotes the atom number in the bath, ωT
the trap frequency and ζ is the Riemann ζ-function.

C Heating due to spontaneous emis-
sion
The optical confinement of the WM induces sponta-
neous emission events during which the WM atoms
gain a recoil energy ER = h2/(2mwmλ

2
wm), where h is

the Planck constant, mwm the mass of the atoms and
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λwm the wavelength of the emitted photons (780 nm
in the case of Rb and hence ER/kB ≈ 180 nK). The
produced heat per atom in the WM can be estimated
as Qsp = ERγwmτstroke, where γwm is the rate of spon-
taneous emission (typically a few Hz) and τstroke the

duration of each stroke (on the order of ms). There-
fore, we estimate QspkB ∼ a few nK per stroke, which
typically is much smaller than the exchanged heat in
Eq. (6).

D Motion of the WM in the non-degenerate bath
Here we evaluate the effect of the non-adiabatic movement of a compact WM through a bath. We assume
that the bath to be composed of a non-degenerate and (almost) ideal gas and strive to estimate the transferred
energy 〈∆E〉 per single atom. For the sake of simplicity, we consider a 1D harmonic trap with the frequency ωT.
The typical inverse length scale for an atom of mass m is α =

√
mωT/~. The energy spectrum is En = ~ωTn,

n = 0, 1, 2, . . .
Since we are interested in the case of small transferred energy, we apply the lowest-order perturbative ex-

pression for the transition amplitude of an atom being driven from the state |n0〉 to the state |n〉 under the
time-dependent perturbation V (z, t),

An0→n = − i
~

∫ ∞
−∞

dt ei(En−En0 )t/~〈n|V |n0〉. (10)

Then the transferred energy per atom is

〈∆E〉 = Z−1
∞∑

n0=0

∞∑
n=0

(En − En0)e−βEn0 |An0→n|2, (11)

where β is the inverse temperature and Z = 1/(1 − e−β~ωT) the partition function. Slightly reorganizing the
summation, we see that

〈∆E〉 = Z−1
∞∑

n0=0

∞∑
n=n0+1

(En − En0)(e−βEn0 − e−βEn)|An0→n|2 (12)

is always positive for a bath in thermal equilibrium.
For the purpose of evaluation of the non-adiabatic effects it is convenient to approximate the potential of

interaction of a bath atom with the working medium. The contact interaction between the bath atoms and
the working medium reads E = gIB

∫
dz nWM(z − ut)nth(z). For a very small working medium it looks like a

potential and the bath density is in its region, such that

V (z, t) = V0δ(z − ut) with V0 = gIBNwm (13)

Here we assume that the working medium passes through the bath at the constant velocity u.
Now we readily calculate

An0→n = − iV0

u~

∫ ∞
−∞

dz ψ∗n(z)eiωT(n−n0)z/uψn0(z), (14)

where ψn, n0 are eigenfunctions of the harmonic oscillator. Expressing the coordinate z via the creation and
annihilation operators â† and â, respectively, we recognize that An0→n is proportional to the matrix element
of the displacement operator exp[iλn(â† + â)] with λn = ωT(n − n0)/(

√
2uα) in the Fock basis. These matrix

elements are known, see, e.g., Ref. [87]. Since, according to Eq. (12), n > n0, we get

〈n|eiλn(â†+â)|n〉 = in−n0e−λ
2
n/2λn−n0

n

√
n0!
n! L

n−n0
n0

(λ2
n), (15)

where Ln−n0
n0

(x) is an associated Laguerre polynomial. This reduces Eq. (12) to

〈∆E〉 = (1− e−β~ωT)~ωT

(
V0

~u

)2 ∞∑
n0=0

∞∑
l=1

e−β~ωTn0 l(1− e−β~ωTl)ζ2ll2le−ζ
2l2 n0!

(n0 + l)! [L
l
n0

(ζ2l2)]2, (16)
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where ζ = ωT/(
√

2αu). The sum over n0 in Eq. (16) can be taken using the Hille–Hardy formula [88], thus
yielding

〈∆E〉 = 2~ωT

(
V0

~u

)2 ∞∑
l=1

l sinh(β~ωT/2) exp[−ζ2l2 coth(β~ωT/2)]Il[ζ2l2/ sinh(β~ωT/2)], (17)

where Il(x) is the modified Bessel function.
We work in the high-temperature limit,

β~ωT � 1. (18)

In this limit the adiabaticity condition requires that the velocity of the working medium in the bath does not
exceed a certain value,

u� ua ≡
ωT

α

√
β~ωT

8 (19)

ua = ωTλdB with λdB =
√
β~2

8m , (20)

where ωT sets the typical gap and and λdB the typical distance. Note that condition (20) is much more restrictive
that the smallness of the oscillation period compared to the passage time.

To derive this condition, we assume first a less stringent inequality, u � ωT/(α
√
β~ωT), which means that

the time of the passage of the working medium across the bath of the thermal radius ∼ 1/(α
√
β~ωT) is much

longer than the trap oscillation period. Then we can use the asymptotic form Il(x) ≈ ex/
√

2πx for x → +∞.
Equation (17) is then reduced to

〈∆E〉 = 2~ωT

(
V0

~u

)2 ∞∑
l=1

l
β~ωT

2 exp
(
−ζ

2l2β~ωT

4

) √
β~ωT

2
√
πζl

, (21)

where condition (18) has been used. In the adiabatic limit given by Eq. (20) we obtain

〈∆E〉 = 2√
π
β(αV0)2ua

u
exp

(
−u

2
a
u2

)
. (22)

Under the latter condition the decreasing exponent and the increasing modified Bessel function almost com-
pensate each other, hence the exponential suppression of the heating rate requires further slowing down of the
motion of the working medium inside the bath. The strong exponential dependence (not a power-law one) of
the r.h.s. of Eq. (22) on the adiabaticity parameter indicates that an adiabaticity condition similar to Eq. (20)
should hold also in 3D.
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